CHAPTER

17

Indefinite
Integrals

| IRE LT JEE Advanced/ IIT-)EE

A Fill in the Blanks

(1990 - 2 Marks)

C MCQs with One Correct Answer

1. The value of the integral f w dxis (1995S)
sin? x +sin* x
(@ sinx—6tan~!(sinx)+c
(b) sinx—2(sinx) ! +c¢
(c) sinx—2(sinx)"! —6tan~!(sin x) + ¢
(d) sinx—2(sinx)"' + Stan”!(sinx)+ ¢

1
2. If j 2f(t) dt =1-sinx , then f(%) is (2005S)

sin x

1 1
@ 3 ey

3 (b) B

© 3 @ 3
x% -1
3. dx = (2006 - 3M, -1)
x3\/2x4—2x2+1
4 5 2 4 5.2
@ V2x 22x +1+c ®) V2x 32x +l+c
x x
V2xt - 252 2x* —2x2 +1
© 2x" = 2x +1+c ) X 2x
X 2x
4, Let I= —dx J= . Then,
e +e?* 11 J. _4"

for an arbitrary constant C, the value of J-1 equals

(2008)
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1.

2.
3.

4.

(e4x e2x+ \

@ -logL

R

+é? +1\

2x X \

e —e +1

P —j +C
+1

(
o sl e @ s

seczx

The integral J- 5 dx equals (for some arbitrary

(secx+tanx)2

constant K) (2012)

@ -— " _ {ll——(secx+tanx) }

(secx+tanx)2

(b) ;”{%—;(secx+tanx)2}+K

(secx+tanx)2

© —

T {%+;(secx+tanx)2}+K
(secx+tanx)2

(d) ;”{11—1+;(secx+tanx)2}+K

(secx+tanx)2

E Subjective Problems

Evaluate J' _SMY ok (1978)
SInX —COSXx
dx
Evaluate J' . (1979)
(a+bx)

Evaluate f (€!°8* +sinx) cos x dx . (1981 - 2 Marks)

(x— l)e

i+ 1) (1983 - 2 Marks)

Evaluate :
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5.

10.

11.
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dx
374 (1984 -2 Marks)

Evaluate the following.[ > ( 4 1)
x(x™ +

. 1-/x
Evaluate the following _[ mdx (1985 - 2% Marks)

(cos 2x)1 /2
— | (1987 - 6 Marks)

sin x

Evaluate : _[ {

Evaluate _[(Jtanx + yJcot x)dx

(1989 - 3 Marks)

1 n(+$x)

(
Find the indefinite integral _[ L T + Vet \/;J dx

(1992 - 4 Marks)

cosG+an9) 46
cos0—sin 0

(1994 - 5 Marks)

Find the indefinite integral I c0s201n (

(x+1)

Evaluate ,[ *(1+ xe* )2 :

(1996 - 2 Marks)

12.

13.

14.

3
Integrate I ﬂdx

3 (1999 - 5 Marks)
(x2 + 1) (x + 1)

2x+2

)
\/4x2+8x+13J

For any natural number m, evaluate

(
Evaluate I sin~! k (2001 - 5 Marks)

I(x3m +x2M 4 XM 2% +3x™ +6) M dx x>0

(2002 - 5 Marks)

1. 3 Assertion & Reason Type Questions

Let F(x) be an indefinite integral of sin’x.

STATEMENT-1 : The function F(x) satisfies F(x + 1) = F(x)
for all real x. because

STATEMENT-2 : sin’(x + 1) =sinx for all real x.
(2007 -3 marks)

(a) Statement-1 is True, statement-2 is True; Statement-2
is a correct explanation for Statement-1.

(b)

Statement-1 is True, Statement-2 is True; Statement-2
is NOT a correct explanation for Statement-1

(c) Statement-1is True, Statement-2 is False

GV

Statement-1 is False, Statement-2 is True.
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M-111

il Section-B

J' sin x

P
.
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——dx = Ax+ Blogsin(x — a),+C, then value of
sin(x —a)

(4,B)is
(@ (—cosa,sina) (b)

[2004]

(cos a,sin o)

(¢) (-sina, cosa) (d

J~ dx

cosSx—sinx

(sina,cos o)

is equal to [2004]

1 x 3n
(a) Elog tan(5+?) +C

1 x
b) Elog cot 2)

(
(©) %log tan (
(

@ Elog tan

2
I {M} dx is equal to [2005]

1+ (log x)*

@ —BY o (©) 5—+C
(log x)” +1 x°+1

xe* x
C —_—
2" @ (logx)? +1

(©

1+x

I _x equals [2007]

cosx++/3sinx
a) logtan (£+1)+C
(@) log >t

(b) logtan (——1)+C
2 12

(©) - logtan (§+—) +C

sin xdx

— _is
sin (x - E)
4

(@) x+log|cos (x

The value of \/5.[ [2008]

b) x- loglsm(x
(© x+log|sm(x

d =x- loglcos(x—%)lw

Ifthe J‘Stanx dx=x+aln [sinx -2cosx|+k, thenais

tanx -2
equal to: [2012]
(@ -1 b =2
(© 1 @ 2
If I Sf(x)dx =wy(x), then I X f(x*)dx is equal to
(@) %[x3w(x3)— [Pw )dx]+c [JEE M 2013]
(b) %x3\|/(x3)—3‘[ y(xd)de+C
© %x3\|/(x3)— [Puyax+C

@ [P [Pvedn]

1
The integral j (1 +x— l)e’”?arx isequal to [JEE M 2014]
X

(@) (x+l)ex+; +c

xk 1
© (x-1e x +c (@) xex+" ‘e
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M-112 ®
) dx
9. Themtegral_[w equals : [JEE M 2015]
et
1 x*+1)4
—x*+1)4 - +c
@ -x*+*+c (b L 8 J
4 - 1
© (XN @ e
)
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10.

12, &9
The integral .[2)(4+5x3dx is equal to:

(x5+x3+1

[JEE M 2016]

() —=+C d ————=+C
(x5+x3+1)2

where C is an arbitrary constant.
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Indefinite
Integrals

Section-A : JEE Advanced/ IIT-JEE

== —
2 36 , anyreal value
© 2. (o) 3. () 4. (© 5 (o)
1 x 1 a?
Elog|sinx—cosx|+E+C 2. b_3 a+bx—2alog|a+bx|—a+bx +C
1
: 1 e’ 14
xsinx+cosx——cos2x+C 4, 2+C 5. —|1+—| +C
4 (x+1) o
T
—21—x+cos ' x +x1-x +C /s Llog M —log(cotx+\/cot2x—l)+C
V2 \/E—Vl—tanzx
\/Etan"(—vum\/_z ‘\'COW} Ye 9. %xz/a _1_2x7/12+2x1/2 _2x5/12+3x1/3 _ag/4 4 6 /6 _jo /12
. : 1/6/3
sm2eln(cose+s%n6] —llnse029+C A2log| 12 146 (1+x") _§(1+x1/6)2+3(1+x1/6)
2 cosO—sin®/ 2 3 2
(14 xe* L /63
IogL1+xe J_ L In(1+5/6)— (+x"7) _§(1+x1/6)2+3(1+x1/6)
xe™ 1+ xe” 9 4
L /62
—llog|x+1|+llog(x2+1)+itan_1x+ +C +M +C
2 4 2 1+ %2 2
L
2%+2 3m 2m my m
(x+1)tan_1( s ]—élog(4x2+8x+13)+C 10, LX) M
4 6 m+1
(d)
Section-B : JEE Main/ AIEEE
(b) @) 3. @ 4. (0 5 (0 6. (d) 7. ()
(d) 9. (b) 10. (d)
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| IEEL LYW JEE @dvanced/ IIT-JEE

2.

3.

A. Fill in the Blanks

I4e +6e

o —dx = Ax+ Bin(9e* —4)+C
e J—

4e* +6e7*

= i[Ax+Bln(9e2" —4)+(C]=
dx 9¢* —4e™*

18Be*
9¢* —4e*

_ 4™ +6e7”

9¢* —4e™*

A+

(94+18B)e* —44e™™
9¢* —4e™*

_4e" +6e7"
9¢* —4e™*

— 94+18B=4;-44=6 = 4_°;
2
(4 2—7) i _33. C can have any real value.
18 36’
C. MCQs with ONE Correct Answer

2 4
cos’ x+cos®x , _ [(cos”x+cos” x)cosx

© Letl= j : .
sin? x+sin* x sin’ x(l+ sin’ x)

[1—sin? x+ (1—sin? x)?Jcos x

dx
sin? x(1+ sin’ x)

2-3 sin® x +sin* x)cosx

sin? x(1+ sin’ x)
Put sinx=t¢ = cosxdx =dt

2-32 +¢4 2 6
I=J. Wdt, I=J. (l+t—2—m]dt

=t—§—6tan_l(t)+C

=sinx—2(sinx)"! =6 tan~! (sinx)+ C

1
(© Given that j 2 f(t)dt = 1—sinx
Sin x

drl _d .
= dxjsinxt f(t)dt—dx(l sin x)

= —sin? xf(sin x).cos x =—cos x

1
/J3) =
s1nx:f( \/—) (/\/_)

2
-1
al 7 dx
XS 2-74*7
V X X

= f(sinx)=

x?-1 _
@ J‘x3\/2x4—2x2+ldx_'[

Get More Learning Materials Here : I

©

©

4 4
_[ 7 7
4
x X
1
Put 2- st 7=t = [13 isldx dt
b b X X
2—%+L4
j =_ OIS ARG
4 2
[h 4~ 2
_ 2x ix +1+C
2x
x
Given [=|———F—dx,
J‘4"+e *+1
e—x 3x
J= dx = dx
‘[e‘4x+e'2x+ ‘[4x+e *+1
(e
e 4x< -D
+1

Let e =t = e'dx=dt

e

1
-1
dt—j
+12 41 s +1+—
s

1
SR (AP

1 _
1-1=] f“ ~Liogl =l
u -1 2 u+l
2 +1
1 P 1 e e 41
= ~log|— +C=—log———|+C
2 T+t e et +1

I- J' sec? x i
(secx+ta1nx)9/2

1
Let secx +tanx=t = secx—tanx=?

>3]
secx=—|t+—
2 t

Also secx(secx + tanx) dx = dt

GP_3480
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= secx dx=%

I_lj(t+;)dt

1,972 132
=5 [P = S ar

_1 t—9/2+1 t—13/2+1
3179 .t 13

-—+1 —-—=+1
2 2

e W/ R SV R
7 11

+K

1 1 1 (1 ¢
=‘W‘ml—1/2+K=‘t1W(ﬁ+7J+K

1

-1 —+1(secx+tanx)2}+K
11 7

(secx + tan x)11/2 {

E. Subjective Problems

7= J‘ sin x J' 2sinx
sinx — cosx sinx — cosx

_ J‘smx+cosx+s1nx—cosxdx
2 Sin x —cos x

cosx+sinx Sin x —cos x cosX o
2 —dx+

sin x —cos x sin x —cos x

=—log | sin x —cos x | +£+C
2 2

x%dx
(a+ bx)2

2. Let1=j

Leta"‘bx:t = x:(t_Ta) = dx:—

2

J‘(t a)2 b3J‘t —2at+a®

t2

1 ( 2a az\

=—||1-—+—|dt L t—2alo Itl—i +C
PITTE) Y #T

1 a?
=—|a+bx—2alog|a+bx|- +C
b a+bx

3.  Toevaluate I(eIng +sin x) cos x dx

= I (x+sinx)cosxdx [Using e /8% = x]

=Ixcosx+ljsin2xdx
2

Get More Learning Materials Here : I

EBD_7202

. . 1(—cos2x)
=x51nx—js1nxdx+—
2 2
. 1
= xsmx+cosx—20052x+C

(x-D)e* , _ [ (x+1-2)e
dx = D ——
(x+1)3 (x+1)°

1 2 e~
- _ X dx = C
Ian)2 (x+1)3} (x+1)2+

(Using ["(f(x)+ f'(x)dx =" £ (x)))

dx
Let]:.[ N
x3x2[l+—4]
x
1 -4 dx dt
Putl+—=t => _x= — “__x
x4 x5dx dt xs 2
(
“dr —1| 34
I= I 54 =7 t_3 +C
4 —+1

1 1/4
=—t”4+C=—(l+—4] +C

ol

Putx=cos’?0 = dx=-—2cos 0 sin0do

I =—j 1-c050 5 in0cos6d0
1+ cosO

- j SINO/2 , - sin(0/2)cos(0/2)cos0d0
c0s0/2
- —2j (1-cosB) cosOdo

- —2j (cosB— cos? 0) O

=_2J‘( 1+cos29)d9
- —2[sine—l(e+ sze) +C}
2 2

= —2\/l—x+[cos_l X +«/;\/1—x]+C

[Using sin® = +1—x ]
=—2f-x+cos 'Vx+/xlI-x+C
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7 I_J‘«/cos2xdx J‘\/cos x —sin? L J‘ ot x— 12 £_£+y_6_£+ﬁ_ﬁ
) “J sinx sin? x 8 7 6 5 4 3
Let cot x = sec ® = — cosec’x dx =sec 0 tan 0 d O )
Y
——y+l 1
We get, [ = I’sec 0—1. s(:.cetan(z) + 3 y+log|y+1| [+ G
—(1+sec?
323 12 7/12 5 12 12 sp2 4 13
__J'sece.tanzede __J‘ sin” @ 46 =X X A2 T
1+sec’ 0 cosO+cos” 0 —4xM4 4 6x!0 _126 12 L 1210g | X112 1114
__J‘ 1-cos? @ 46 —— (1+c0529)—200$26a,e -(2)
cos(9(1+cos2 0) cos(9(1+cos2 0) I = J‘ 1n(1+(x)1/ 6)
c0s6 )13 + ()2
Isec@d9+2.[l+cos ede Let x = 28 so that dx = 62° dz
In(l+z) s 623 In(z+1)
=—log|secO+tan 0|+ ZJ.&dG I22+z3 Zdz I z+1 dz
sin”@ Putz+1=¢ = dz=dt
1 \/§+sin9| 3
=—log|secO+tan 0| +2. lo +C . _[6G¢=D"Inz . 1 2 1
gl 255 o W— - Iz_j t dt_6j(t =343t di
1
1 V2 ++/1-tan? =6[ 2 =3t+3)Intdr - —lntdt}
=—10gcotx+\lcot2x—1 +Tlog;anzx+C J.( ) J.t
¢ Il (2 32 ) (8 32 )
8 I_J‘( fan s + (—cotx)dx_J‘\/sinx «/cosx =6 k?_7+3tJ]nt_J-L?_7+3tJ'
) Jcosx x/smx )
=Isinx+cosxdx =\/Ej‘sinx+cosx %dt—%}
v/sin xcosx \sin2x
Putsinx—cosx =t = (cosx+sinx)dx=dt 3 2
also (sinx—cosx)? =1 = 1—sin2x = ¢? _6[[%_%4.3,J1nt_]' {%_%H__g} dt
= sin2x=1-7£ e
_ﬂ}
2sin” 1+ C =«/§sin'l(sinx—cosx)+C 2
6 (F 32 ) (F 32 )
9. LetI=IL L %), =6l 55+ 3)m t—L———+3tJ
Yx+dx Yx+x 32 9 4
Int)?
B [ —— j“‘(‘*f)dx () }CZ
e +Yx Ve ++x 2
I=1+I, (1) 6.
1 P PECRE S0 S VU T S Y L
where 11=j—dx 3 2
P+ 4x
— 12 — 1911
Letx =y'“sothatdx=12y dy 1n(l+x1/6)—{(l+xl/6)3
12y 9
I = dy =12 —dy
[

1/642
3 a6y +3(1+x”6)}+—[1“(1+x e
=12.[(y7—y6+y5—y4+y3—y2+y—l+i\dy ! 2
\ y+1) ¥E)
Thus we get the value of 7 on substituting the values of /;

and 7, from (2) and (3) in equation (1).
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Indefinite Integrals

10. Let = j c0s201n (M} do
cosO—sin0

Now we observe that
d ln(cos(9+sin9]
do cos0—sind
d . .
= E[ln (cos 0 +sin 0) — In(cos 6 —sin 6)]

_cos®—-sin® —cosO—sinO
cosO+sin® cosB-—sinB

_ €c0s0—sin®  cosO+sinb
cosO+sin® cosO-—sin

cos® 0+sin® 0 —2sinBcosO +cos> O

+sin?0+2sinBcosd = 2

= cos20
cos2 0 —sin2 0

Integrating I with respect to 0, by parts we get

7 _5in20 n(cos9+sine]_jsin29 2
2 cosO—sinO 2 cos20

=sm291n(cose+s%n9) —jtanZGdG
2 cosO—sin®

_sin20 ln(cose+s¥ne)—llnse029+C
2 cosO—sin®/ 2

I j (x+1) =I efx+l) o
X xX\2
x(1+ xe® ) xe” (1+xe™)

Put 1+ xe* =t = (xe* + &) dx = dt
I= L2=J.( L +l+ )dt
t-Dr -t ¢t 2

1
=—log|1—t¢|+log|¢| —;+C

‘1+xex‘ 1

=10gl ‘ —xe* ‘ 1+ xe*

_log(1+xex\_ 1 L
\ xe® J 1+ xe*

= J‘ X +3x+2
(x +l) (x+1)

x> 43x+2 A Bx+C Dx+E
2 2 T B
(x“+D7(x+1) x+1 x"+1 (x°+1)
Comparing and solving, we get,
1 1 1

A=—,B=—,C=—,D=0,E=2.
2 2 2

Get More Learning Materials Here : I

L‘_1+C =log — +C
-t t

) M-S-273

1=__ 1 —J' 1 +2j
x+1 X% +1

EBD_7202

(x2 +1)2

= —%log |x+1| +%log(x2 +l)+%tan_1 x+2I+C

where | = > putting x=tan 0,

dx
j(x2 +1)

1 =jse° 9 do= j (cos?8) d6 = — j (1+cos 20)d0
SCC

=l(9+lsin29) = ltan_l x+—. 2x
2 2 2 414 x°

1 1 2 3.
I=—=lo +1|+—log(x* +1)+ —tan
> glx+1] 2 8( ) 5 x

+ +C
1+
where C is constant of integration.
( 3
I = Isin_l LLJ‘;X
Vax? +8x+13
- J.sin'l x—+113 dx
x? +2x+—
=J.sin_1 x+l dx
G+ 1)2)+(3/2)?
Putx+1=3/2tan 0, dx = %sec2 de
(3 tan 9) 3
I= J.31 —= [ Zsec’0d0
ta 20+ 912
4 4
S j sin™! [—S‘“ 0 —"°‘°‘e}sec2 046
2 cosf 1

=§jeseczede =i[etane—jtanede]
2 2

=%[9tan9—log |secO|]+C

I= %B(ﬂ l)tan_l}[g(JHl)}
f 4 2
—log l+§(x+l) 1+C
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M-S-274 ¢

— (x+1)tan”! (%} —%10g(9+4x2 +8x+4)

3
+=log9+C
4 8

2x+2

- (x+1)tan_l( ]—%log(4x2+8x+l3)+C

14. 1 =I(x3m + x5 4 ™Y 2xP™ 3™+ 6) ™ dx

m

1/m
3m 2m m
=I(x3’”+x2’”+x’”){2x +3x +6x:| &
X

=J'(x3’” +xj"’+x"’\

J(2x3m +3x2™ 4 6x™) ™ dx
Put 2x3"+3x" +6x™" =y

[=—[yVmay=— e
6mjy Y=o\ Tim1)

Topic-wise Solved Papers - MATHEMATICS

[ m+)
=1Ly i J+C
6| m+1
m+1

13" 1333 4 6x™) m
6 m+1

+C

H. Assertion & Reason Type Questions
. @ F(x)-= J’ sin2 x dx = % J’ (1— cos 2x)dx
= i(Zx—sin 2x)+C
Now, F(x+n)= %(2x+ 2n—sin(2x+2n))+C

=%[2x+2n—sin2x]+C¢F(x)

Statement —11s false.
Also sin? (x + ) =sin’x, Vx € R
Statement -2 is true.
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o M-S-275

EBD_7202

J Section5

1.

2.

4.

Get More Learning Materials Here : I

sinx J- sin(x —a + (x)

o |

sin(x —a) sin(x— o)

dx

_ _[ sin(x —a)cos o + cos(x — o) sin o
sin(x — o)
= I {cosa +sina cot(x — o) }dx

= (cosa)x + (sina)logsin(x —a) + C
.. A=cosa, B=sina

dx dx
® Icosx—sinx =Iﬁcos(x+£)
4

+C

tan[Lm)
4 2 8

J_Isec(x+ )dx =%log
tan(Z+§)H
=%log tan(%+%)

I (logx—1)° =Il+(logx)2—210gxdx
(1+(10gx) ) [1+(logx)2]2

[ 1 2logx
=.[ 2y 2 2}1"

| (I+(logx)”) (1+(logx)7)

{ Iecxdx log

+C

[t t
=I e_2_2t_e22 dt putlogx=1t = dx=¢e'dt
| 1+27 (1+17)

e
1+ (l+t)

[whlch is of the form‘[e x)+f( )) ]
= ¢ +c = al +c
1472 1+(log>6)2
cosx++/3sinx {l 3 }
2| =cosx+—sinx
2 2
B dx _lJ‘ dx

2 sin(x+£)
6

I n
sin—cos x + cos —sin x
[ 6 6 ]

= I= %.J‘cosec(x+%)dx

But we know that Jcosecxdx =log|(tanx/2)|+ C

1 X
—.lo tan( ) C
2 g 2 12+

(¢) Let/= ﬁIM put x—%=t

sin (x - E)
4
sin (t + E)
4

dx=dt = I=«/§j,—dt
sin ¢

J-(sm t+cost\
Slnt

= I=J‘(l+cott)dt=t+log|sint|+cl

6. @ |

T . i
=x—z+logsm x—z +q
= x+log|sin [x—zj +c(wherec=c1—£J
4 4
sin x
S5tanx dx:J. cOS X dx
tanx—2 sinx _,
cosx

5sinx Ccos X
= X - dx
cosx sinx—2cosx

=J' 5sin xdx

sinx—2cosx

_J'(4sinx+sinx+2cosx—2cosx)dx

sinx—2cosx

3 J‘(sinx—2cosx)+(4sinx+2cosx)dx

sinx—2cosx

J'(smx 2cosx)+2(cosx+2smx)d
(sinx—2cosx)

sinx —2cosx cosx+2sinx
[sinx=2eosxy, [ cosx s 2sinz)

sinx —2cosx sinx —2cos x

cosx+231nx
=[x S
sinx — 2cosx
cosx+2sinx

=1, + I, where [ =Idx andIr = ZI—dx

sinx—2cosx
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put sin x —2cos x = ¢
= (cosx +2sinx)dx=dt

A =2j%=21nt+c — 2 In (sin x-2cos x) + C
Hence, I; +1, =Idx+21n(sinx—2cosx)+c
=x+2In|(sinx-2cosx)|+k =>a=2

Let [ f(x)dx=w(x)

LetI= [ x°f(x*)dx
putx3 =1t = 3x2dx=dt

1= %j3-x2 % () d
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- Je"*%dx + I(x—i) ex+%dx
= x.ex+% —Ix[l—xiz) ex+%‘dx +J(x—é) ex+%dx
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& 1= I2(x 4h)de IW

Letx*=y
-1
= 4x3dx=dy=dx= Tx3dy
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Dividing by x'> in numerator and denominator
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Substitute 1+ l + i =t
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